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Abstract
We derive the light cone QCD sum rule for the ηNN coupling
constant gηNN . The contribution from the excited states and the
continuum is subtracted cleanly through the double Borel transform
with respect to the two external momenta, p21, p
2
2 = (p − q)2. Our
result is αηNN = (0.3 ± 0.15), which favors small values used in
literatures.
PACS Indices: 14.40.Aq; 13.75.Gx; 13.75.Cs
‘
I. INTRODUCTION
Nowadays quantum chromodynamics (QCD) is widely believed to be the underlying
theory of the strong interaction. Yet the non-abelian nature of the gauge group makes
analytical calculation extremely difficult in the low energy sector. A typical example is
the various coupling constants of meson nucleon interaction. These couplings are inputs
for the one boson exchange potentials for the nuclear forces and the analysis of the impor-
tant pseudoscalar and vector meson photo- and electro-production experiments currently
underway in MAMI (Mainz) and Spring8 (JHF) etc. For the pion nucleon sector there
is enough precise data to extract these couplings. Then they are used as inputs to make
predictions and analyze other experimental data. In the kaon nucleon hyperon sector the
situation is not so encouraging. But there is still some data available. The worst occurs
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in the ηNN and η′NN sector, where knowledge of them is rather poor. In the present
paper we shall focus on the calculation of ηNN coupling constant.
There were some theoretical papers on this issue. But the results from various ap-
proaches differed greatly. With SUf(3) symmetry it was found αηNN =
g2
ηNN
4pi
= 3.68
from the analysis of the nucleon nucleon potential [1]. Similar values was obtained in the
non-relativistic model [2]. From the analysis of forward nucleon nucleon scattering using
the dispersion relation it was found that αηNN < 1, consistent to be zero [3]. In [4] the
author was able to relate the proton matrix element of flavor singlet current in the large
Nc limit to the pseudoscalar meson nucleon coupling constants, leading to αηNN ∼ 1.3.
Typical values of αηNN obtained in fits with one boson exchange potentials range from 3
to 7 since the eta meson does not contribute significantly to the NN phase shifts and nu-
clear binding at normal densities [5]. However this coupling is smaller than 1 and can be
neglected in the full Bonn potential [6]. αηNN extracted from the reaction π
−p→ ηn lies
between 0.6–1.7 [7]. An interesting indirect constraint of αηNN comes from the π-η mix-
ing amplitude generated by N¯N loops and neutron proton mass difference using hadronic
models. In order to let this amplitude agree with results from chiral perturbation theory,
αηNN is required to be in the range 0.32-0.53 [8]. Eta meson photo-production did not
fix αηNN either. In [9] αηNN was suggested to around 1.0 or 1.4. Yet a recent analysis of
more precise eta meson photo-production experiments in Mainz suggested smaller value of
αηNN [10]. In other words, the eta nucleon coupling constant is still very controversial. To
derive it within an independent and reliable theoretical framework shall prove valuable.
We shall use the now well developed light cone QCD sum rules (LCQSR) technique to
calculate αηNN in this work. Note our approach differs from all the above ones in that it
starts microscopically from the QCD Lagrangian.
QCD sum rules (QSR) [11] are successful when applied to the low-lying hadron masses
and couplings. In this approach the nonperturbative effects are introduced via various
condensates in the vacuum. The light cone QCD sum rule differs from the conventional
short-distance QSR in that it is based on the expansion over the twists of the operators.
The main contribution comes from the lowest twist operator. Matrix elements of nonlocal
operators sandwiched between a hadronic state and the vacuum defines the hadron wave
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functions. When the LCQSR is used to calculate the coupling constant, the double Borel
transformation is always invoked so that the excited states and the continuum contribution
can be subtracted quite cleanly. Moreover, the final sum rule depends only on the value
of the hadron wave function at the middle point u0 = 1/2 for the diagonal case, which
is much better known than the whole wave function [12]. In the present case our sum
rules involve with the eta wave function (EWF) ϕη(u0 =
1
2
) etc. These parameters are
universal in all processes at a given scale.
We have used QCD sum rules to study the meson nucleon strong interactions. In [13]
the pion is treated as the external field to analyze the possible isospin symmetry violations
of the pion nucleon coupling constant. Later the light cone QSR (LCQSR) was employed
to extract the πNN(1535) coupling constant, which was found to be strongly suppressed
[14]. The same formalism was extended to the case of vector meson nucleon interaction
[15]. The values of the vector and tensor coupling constants and their ratios of ρNN
and ωNN interaction from the LCQSR agree well with the ones from the experimental
data and the dispersion relation analysis. With the advent of the eta meson distribution
amplitudes up to twist four [16], we are now able to calculate the ηNN coupling constant
with a theoretically well developed formalism. Although η meson is a Goldstone boson,
its mass is not small in the real world and comparable with the typical hadronic scale
due to the explicit breaking of SUf(3) flavor symmetry. We have included the eta mass
correction in our calculation. Moreover the eta meson is an isoscalar, which leads to the
big difference of the LCQSR for the ηNN coupling constant from that for the π0NN
coupling. We arrive at αηNN =
g2
ηNN
4pi
= (0.3 ± 0.15). The numerically small value is due
to the cancellation between the leading term and mass correction terms. This point can
be seen clearly in later sections.
Our paper is organized as follows: Section I is an introduction. We introduce the two
point function for the ηNN vertex and saturate it with nucleon intermediate states in
section II. The definitions of the eta wave functions (EWF) are also presented. Numerical
analysis and a short summary is given in the last section.
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II. THE LCQSR FOR THE ηNN COUPLING
We start with the two point function
Π(p1, p2, q) = i
∫
d4xeipx 〈0|T ηp(x)η¯p(0)|η(q)〉 (1)
with p1 = p, p2 = p− q and the Ioffe’s nucleon interpolating field [17]
ηp(x) = ǫabc[u
a(x)Cγµub(x)]γ5γµdc(x) , (2)
η¯p(y) = ǫabc[u¯
b(y)γνCu¯
aT (y)]d¯c(y)γνγ5 , (3)
where a, b, c is the color indices and C = iγ2γ0 is the charge conjugation matrix. For the
neutron interpolating field, u↔ d.
Π(p1, p2, q) has the general form
Π(p1, p2, q) = F (p
2
1, p
2
2, q
2)qˆγ5 + F1(p
2
1, p
2
2, q
2)γ5 + F2(p
2
1, p
2
2, q
2)pˆγ5 + F3(p
2
1, p
2
2, q
2)σµνγ5p
µqν
(4)
The sum rules derived from the chiral even tensor structure yield better results than
those from the chiral even ones in the QSR analysis of the nucleon mass [17]. We shall
focus on the tensor structure qˆγ5 and study the function F (p
2
1, p
2
2, q
2) as in the QSR
analysis of the pion nucleon coupling constant.
The eta nucleon coupling constant gηNN is defined by the ηN interaction Lagrangian:
LηNN = gηNN N¯ iγ5ηN. . (5)
At the phenomenological level the eq.(1) can be expressed as:
Π(p1, p2, q) = iλ
2
NmNgηNN (q
2)
γ5qˆ
(p21 −M2N )(p22 −M2N)
+ · · · (6)
where we include only the tensor structure γ5qˆ only. The ellipse denotes the continuum
and the single pole excited states to nucleon transition contribution. λN is the overlapping
amplitude of the interpolating current ηN(x) with the nucleon state
〈0|ηN(0)|N(p)〉 = λNuN(p) (7)
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Neglecting the four particle component of the eta wave function, the expression for
F (p21, p
2
2, q
2) with the tensor structure at the quark level reads,
i
∫
d4xeipx〈0|Tηp(x)η¯p(0)|η(q)〉 =
2i
∫
d4xeipxǫabcǫa
′b′c′Tr{γνCiST bb
′
u (x)CγµiS
aa′
u (x)}γ5γµ〈0|dc(x)d¯c
′
(0)|η(q)〉γνγ5
+4i
∫
d4xeipxǫabcǫa
′b′c′Tr{γνCiST bb
′
u (x)Cγµ〈0|ua(x)u¯a
′
(0)|η(q)〉}γ5γµiScc′d (x)γνγ5 (8)
where iS(x) is the full light quark propagator with both perturbative term and contribu-
tion from vacuum fields [14].
By the operator expansion on the light-cone the matrix element of the nonlocal opera-
tors between the vacuum and eta state defines the two and three particle eta wave function.
In order to simplify the notations we use q¯Γµq to denote (u¯Γµu+ d¯Γµd− 2s¯Γµs)/
√
6. We
also introduce Fη =
fη√
6
, where fη is defined as
< 0|q¯(0)γµγ5q(0)|η(q) >= ifηqµ . (9)
Up to twist four the Dirac components of this wave function can be written as [16]:
< 0|q¯(0)γµγ5q(x)|η(q) >= ifηqµ
∫ 1
0
du e−iuqx[ϕη(u) +
1
16
m2ηx
2A(u)]
+
i
2
fηm
2
η
qµ
qx
∫ 1
0
du e−iuqxB(u) +O(x4) , (10)
< 0|q¯(0)iγ5q(x)|0 >= fηµη
∫ 1
0
du e−iuqxϕP (u) , (11)
< 0|q¯(0)σµνγ5q(x)|0 >= i
6
fηµη(qµxν − qνxµ)
∫ 1
0
du e−iuqxϕσ(u) , (12)
< 0|q¯(0)σαβγ5gsGµν(ux)q(x)|η(q) >=
ifηµηη3[(qµqαgνβ − qνqαgµβ)− (qµqβgνα − qνqβgµα)]
∫
Dαi ϕ3η(αi)e−iqx(α1+vα3) , (13)
< 0|q¯(0)γµγ5gsGαβ(vx)q(x)|η(q) >=
fηm
2
η
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ⊥(αi)e−iqx(α1+vα3)
+fηm
2
η
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ‖(αi)e−iqx(α1+vα3) (14)
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and
< 0|q¯(0)γµgsG˜αβ(vx)q(x)|η(q) >=
−ifηm2η
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ˜⊥(αi)e−iqx(α1+vα3)
−ifηm2η
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ˜‖(αi)e−iqx(α1+vα3) . (15)
The operator G˜αβ is the dual of Gαβ: G˜αβ =
1
2
ǫαβδρG
δρ; Dαi is defined as Dαi =
dα1dα2dα3δ(1 − α1 − α2 − α3). Due to the choice of the gauge xµAµ(x) = 0, the path-
ordered gauge factor P exp (igs
∫ 1
0 dux
µAµ(ux)) has been omitted.
The EWF ϕη(u) is of twist two , ϕP (u), ϕσ(u), and ϕ3η are of twist three, while
A(u), part of B(u) and all the EWFs appearing in eqs.(14), (15) are of twist four. The
EWFs ϕ(xi, µ) (µ is the renormalization point) describe the distribution in longitudinal
momenta inside the eta meson, the parameters xi (
∑
i xi = 1) representing the fractions
of the longitudinal momentum carried by the quark, the antiquark and gluon.
The normalization and definitions of the various constants can be found in [16]. Some
of them are
∫ 1
0 du ϕη(u) =
∫ 1
0 du ϕσ(u) = 1,
∫ Dαiϕ⊥(αi) = ∫ Dαiϕ‖(αi) = 0 etc.
Since the steps to derive LCQSRs are very similar to those in [14,15], we present final
sum rule directly. Interested readers may consult the above papers for details.
mNλ
2
NgηNNe
−M
2
N
M2 =
−e−
u0(1−u0)m
2
η
M2 {− F
u
η
2π2
ϕη(u0)M
6f2(
s0
M2
) +
m2η
4π2
2u0[F
u
η A(u0) + F
d
η φB(u0)]M
4f1(
s0
M2
)
− F
u
η
9π2
aµη[ϕσ(u0) +
u0
2
ϕ′σ(u0)]M
2f0(
s0
M2
)
+
1
12π2
F uη µηη3am
2
ηI1[ϕ3η]−
1
6π2
F uη µηη3aI2[ϕ3η]M
2f0(
s0
M2
)
+
1
2π2
m2η(F
u
η + F
d
η ){
1
4
I2[ϕ‖]− 1
4
I2[ϕ⊥] + I1[ϕ‖]− I4[ϕ˜‖]− 1
4
I7[ϕ˜⊥]}M4f1( s0
M2
)
+
1
2π2
m4η(F
u
η + F
d
η ){−I3[ϕ‖]− I3[ϕ⊥]− I5[ϕ˜‖]− I6[ϕ˜‖] + I5[ϕ˜⊥] + I6[ϕ˜⊥]}M2f0(
s0
M2
)} , (16)
where fn(x) = 1 − e−x
n∑
k=0
xk
k!
is the factor used to subtract the continuum, s0 is the
continuum threshold. u0 =
M21
M21+M
2
2
, M2 ≡ M21M22
M21+M
2
2
, M21 , M
2
2 are the Borel parameters, and
ϕ′σ(u0) =
dϕσ(u)
du
|u=u0. In order to make comparison with the sum rule for π0NN coupling
constant gpiNN , we have labeled the eta meson decay constant Fη with the flavor index.
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The functions Ii[ϕ3η] etc are defined as:
φB(u0) = −
∫ u0
0
duB(u) , (17)
I1[F ] = 2u0
∫ u0
0
dα1
∫ 1−u0
0
dα2
F (α1, α2, 1− α1 − α2)
(1− α1 − α2)2 (1− 2u0 + α1 − α2) , (18)
I2[F ] =
∫ u0
0
dα1
F (α1, 1− u0, u0 − α1)
u0 − α1 +
∫ 1−u0
0
dα2
F (u0, α2, 1− u0 − α2)
1− u0 − α2
−2
∫ u0
0
dα1
∫ 1−u0
0
dα2
F (α1, α2, 1− α1 − α2)
(1− α1 − α2)2 , (19)
I3[F ] = 2u0
∫ u0
0
dα1
∫ 1−u0
0
dα2F (α1, α2, 1− α1 − α2)(u0 − α1)(1− u0 − α2)
(1− α1 − α2)2 , (20)
I4[F ] = 2u0
∫ u0
0
dα1
∫ 1−u0
0
dα2
F (α1, α2, 1− α1 − α2)
1− α1 − α2 , (21)
I5[F ] = 2u0
∫ u0
0
dα1
∫ 1−u0
0
dα2F (α1, α2, 1− α1 − α2) u0 − α1
1− α1 − α2 , (22)
I6[F ] = 2u0
∫ u0
0
dα1
∫ u0−α1
0
dα3F (α1, 1− α1 − α3, α3) , (23)
I7[F ] = 2u0{
∫ u0
0
dα1
F (α1, 1− u0, u0 − α1)
u0 − α1 −
∫ 1−u0
0
dα2
F (u0, α2, 1− u0 − α2)
1− u0 − α2 } , (24)
where F = ϕ3η, ϕ‖, ϕ⊥, ϕ˜‖, ϕ˜⊥.
III. DISCUSSION
Since eta meson is an isoscalar, we have F uη = F
d
η = Fη =
fη√
6
. Replacing the η index
with π and Fη by fpi in (16), we recover the sum rule for gpiNN [14]. Note f
u
pi = −f dpi = fpi.
In other words, the twist four terms involved with three particle pion wave functions
vanish due to isospin symmetry. The first term in (16) is the leading twist two term.
The third term is of twist three and of the same sign as the leading term. The second
term comes from two particle EWF and the remaining terms all come from three particle
EWFs. Although they are of twist four except the fourth term, their contribution is greatly
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enhanced by the factor m2η in contrast with m
2
pi in the πNN coupling case. Moreover they
are of the opposite sign as the leading twist two and three terms, which leads to strong
cancellation. In other words, large mass and isoscalar structure of eta meson causes gηNN
to be much smaller than gpiNN .
The sum rule (16) is symmetric and diagonal, which requires the Borel parameters
M21 = M
2
2 , i.e, u0 =
1
2
. The working interval for analyzing the QCD sum rule (16) is
0.9GeV2 ≤ M2B ≤ 1.8GeV2, a standard choice for analyzing the various QCD sum rules
associated with the nucleon. In order to diminish the uncertainty due to λN , we shall
divide (16) by the Ioffe’s mass sum rule for the nucleon:
32η4λ2Ne
−M
2
N
M2 = M6f2(
s0
M2
) +
b
4
M2f0(
s0
M2
) +
4
3
a2 − a
2m20
3M2
. (25)
The various parameters which we adopt are fη = (0.133± 0.01) GeV [18], η3 = 0.013,
a = −4π2 < 0|q¯q|0 >= 0.67GeV3, µη = 2.13GeV [16] at the scale µ = 1GeV, s0 =
2.25GeV2, mN = 0.938GeV, λN = 0.026GeV
3 [17].
At u0 =
1
2
the values of various eta meson wave functions are: ϕη(u0) = 1.05, A(u0) =
4.14, φB(u0) = 0, ϕσ(u0) = 1.44, ϕ
′
σ(u0) = 0, I1[ϕ3η] = 0, I1[ϕ‖] = 0.026, I2[ϕ3η] =
−0.9375, I2[ϕ‖] = 0, I2[ϕ⊥] = 0, I3[ϕ‖] = 0, I3[ϕ⊥] = 0, I4[ϕ˜‖] = −0.313, I5[ϕ˜‖] = −0.032,
I5[ϕ˜⊥] = 0.0396, I6[ϕ˜‖] = −0.052, I6[ϕ˜⊥] = 0.044, I7[ϕ˜⊥] = 0 at u0 = 12 and µ = 1GeV.
The dependence on the Borel parameter M2 of gηNN are shown in FIG 1 with s0 =
2.35, 2.25, 2.15 GeV2. The final sum rule is stable in the working region of the Borel
parameter M2. We obtain:
gηNN = (1.7± 0.3) . (26)
In the above numerical analysis we have used relatively large quark condensate value
< q¯q >= −(240 ± 10)3MeV3, which corresponds to a = 0.67GeV3. In the literatures
another value < q¯q >= −(225 ± 10)3MeV3 and a = 0.55GeV3 is also used. Since we are
not able to know very precisely the quark condensate value, we also present the variation
of gηNN with M
2, s0 with a = 0.55GeV
3 in FIG 2. In this case we have,
gηNN = (2.1± 0.3) . (27)
We have included the uncertainty due to the variation of the continuum threshold
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and the Borel parameter M2 in (26) and (27). In other words, only the errors arising
from numerical analysis of the sum rule (16) are considered. Other sources of uncer-
tainty include: (1) the truncation of OPE on the light cone at the twist four operators.
For example the four particle component of EWF is discarded explicitly; (2) the EWFs
are estimated with QCD sum rule, which also induces some errors; (3) the continuum
model used in the subtraction of contribution from the higher resonances and continuum
spectrum; (4) errors in fη etc.
With all these uncertainties we arrive at
αηNN = (0.3± 0.15) . (28)
For the η, η′ sector instanton effects might be important. It’s well known that a large
part of η′ mass comes from the UA(1) anomaly. Through η − η′ mixing instantons also
affect eta meson mass and decay constant fη. Fortunately we know from phenomenological
analysis that the η − η′ mixing angle is about −20 degrees [18]. So for eta meson such
effects may be not so large as in the η′ channel. Direct instantons favor strongly the scalar
and pseudoscalar channel and might affect the mass sum rules for the mesons in these
channels. In our QCD sum rule analysis of eta NN coupling constant we have chosen the
tensor structure qˆγ5. Moreover we have used the experimental values for mη, fη as inputs
instead of invoking the eta meson mass sum rules to extract them. Hence the possible
correction from instantons is expected to be relatively small.
In short summary we have calculated the eta nucleon coupling constant with the light
cone QCD sum rules. The continuum and the excited states contribution is subtracted
rather cleanly through the double Borel transformation. Our approach differs from all the
available methods in the extraction of gηNN and starts from the quark gluon level. So it is
independent and more reliable to some extent. Our result of αηNN favors the small value.
Except the nonrelativistic quark model and fits with one boson exchange potentials, other
approaches tend to yield small values for αηNN . However in such potentials the eta meson
was treated as some effective degree of freedom to model other multi-meson correlations.
Hence the eta meson in these potentials can not be related to the real eta meson seen in
the photo- or electro-production experiments in a simple way. In other words, the αηNN
9
in these potentials may be not the same quantity as the coupling we have calculated.
We hope our extraction of αηNN can be used to analyze future eta meson photo- and
electro-production experiments.
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Figure Captions
FIG 1. The sum rule for gηNN as a function of the Borel parameter M
2 with a = 0.67GeV3
and the continuum threshold s0 = 2.35, 2.25, 2.15GeV
2.
FIG 2. The same notations as in FIG 1 except a = 0.55GeV3.
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